Suppose D is a Hermitian symmetric domain, Γ is a neat arithmetic group of automorphisms of D, and X = Γ\D is the corresponding locally symmetric space. The Baily-Borel Satake compactificationX of X is a projective algebraic variety. The Zucker conjecture (proven by Looijenga [L], Saper and Stern [SS]) states that the complex of sheaves of L 2 differential forms onX is canonically isomorphic to the complex of sheaves IC(X) of intersection chains onX. Both proofs proceed by showing that, in some sense, these two complexes of sheaves have the same stalk cohomology at any point x ∈X. These stalk cohomology groups IH i x (X) are usually viewed as being extremely complicated objects. In this paper (theorem 6.3) we give an explicit interpretation for the stalk cohomology, together with its weight filtration which arises from mixed Hodge theory. In theorem 7.8, we evaluate the formula (6.3) for the case X = Γ(p)\Sp 4 (R)/SU 2 .
i x (X) are usually viewed as being extremely complicated objects. In this paper (theorem 6.3) we give an explicit interpretation for the stalk cohomology, together with its weight filtration which arises from mixed Hodge theory. In theorem 7.8, we evaluate the formula (6.3) for the case X = Γ(p)\Sp 4 (R)/SU 2 .
The identity mapping X → X has a unique continuous extension Φ :X →X to the "reductive Borel-Serre compactification"X, which may be thought of as a (nonalgebraic) partial resolution of singularities ofX (cf. [GHM] ). The projection Φ is stratified by the natural stratifications ofX and ofX, but the singularities ofX are particularly explicit and easy to understand. The fiber Φ −1 (x) over a boundary point x ∈X is itself the reductive Borel-Serre compactification of a certain "linear" locally symmetric space,
Our formula expresses the stalk cohomology of the intersection cohomology ofX as a direct sum of weighted cohomology groups of this auxiliary space Φ −1 (x). Weighted cohomology groups for locally symmetric spaces were introduced in [GHM] and the present paper relies heavily on the results and notations of [GHM] . Like intersection cohomology, the weighted cohomology W p H(X) is the hypercohomology of a complex of sheaves W p C • (X) which is obtained by "truncation" of the direct image sheaf Ri * (C) (where i : X →X denotes the inclusion). However the weighted cohomology complex is obtained by truncating with respect to weights of a certain torus action, rather than with respect to dimension.
A central result in [GHM] states that the pushforward Φ * W p C • (X) of the weighted cohomology complex onX is canonically isomorphic to the intersection cohomology complex IC
• (X) ofX. It follows that the stalk intersection cohomology IH i x (X) at a point x ∈X is equal to the hypercohomology of the restriction
of the weighted cohomology complex to the fiber Φ −1 (x). The key technical achievement in this paper is the identification of the restriction (1.2) as a sum of shifted weighted cohomology complexes of the reductive BorelSerre compactification Γ \M /K . In theorem 4.6 we show, more generally, that the restriction WC
• (X)|X Q of the weighted cohomology complex to the closureX Q of any boundary stratum X Q ⊂X breaks into a direct sum of weighted cohomology complexes ofX Q with shifts. Theorem 4.6 is one of several properties which make weighted cohomology a somewhat simpler object to study than intersection cohomology. The analogous statements which may be formulated for the intersection cohomology ofX or ofX are false. (For example, the restriction of the intersection cohomology complex IC
• (X) to the closureŶ ⊂X of a boundary stratum Y ⊂X may fail to be isomorphic to a sum of intersection cohomology complexes ofŶ .) However, if we consider the weighted L 2 cohomology complex of sheaves ( [N] ), then the analogous statement onX is true. In fact, by [N] , the weighted L 2 theory is equivalent to weighted cohomology onX, and so the analogous statements are actually equivalent. As a consequence, there is a translation of the formula for the local cohomology in terms of the Lie algebra cohomology of certain spaces of functions on Γ \M (6.5).
The results of [LR] show that the weight filtration from mixed Hodge theory on the stalk cohomology IH i x (X) is given by the torus weights which define the truncation for weighted cohomology. This gives a precise formula (6.3.1) for the associated graded of the weight filtration of the stalk cohomology.
In addition to these results, we describe in §2 the appropriate generalization of weighted cohomology to reductive groups and to more general local systems. Finally, in §7 we evaluate the local cohomology and intersection cohomology Euler characteristic for the Siegel modular threefolds given by principal congruence subgroups of level ≥ 3.
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The notation and terminology follows that of [GHM] and frequent references will be made to that paper.
(2.1) The locally symmetric space. Algebraic groups will be designated by bold face type (G, P, etc.). If an algebraic group is defined over the real numbers R then its group of real points will be in Roman (G = G(R), P = P(R), etc.). The identity component is denoted with a superscript 0 (G 0 , P 0 , etc. the intersection of the kernels of the squares of the algebraic rationally defined characters on G. The group 0 G(R) contains every compact or arithmetic subgroup of G(R) while its identity component ( 0 G) 0 (R) contains every neat arithmetic subgroup of G(R).
Throughout this paper we fix a connected reductive group G which is defined over Q. Let S G be the maximal Q-split torus of the centre of G and let A G = S G (R)
0 . Let K be a maximal compact subgroup of G and let D = G/KA G . This is a homogeneous space on which G acts transitively such that for any point x 0 ∈ D the stabilizer is of the form
We also fix a neat arithmetic subgroup Γ ⊂ G(Q) and let X = Γ\D. By an abuse of terminology we shall refer to X as a locally symmetric space.
In this paper,X denotes the Borel-Serre compactification of X ( [BS] ), andX denotes the reductive Borel-Serre compactification of X ( [Z3] , [GHM] §8). If X is Hermitian thenX denotes the Baily-Borel Satake compactification (cf. §2.4 and §6.1).
(2.2) Parabolic subgroups. Let P be a rationally defined parabolic subgroup of G. Then we have the following groups: U U U P = unipotent radical of P, N P = Lie(U U U P ) = its Lie algebra
of the subgroups A P , S P , and M P respectively and K P (x 0 ) is a maximal compact subgroup of M P (x 0 ).
For any parabolic subgroup P ⊂ G equation (2.3.1) below gives is a canonical embedding S G ⊂ S P and we will identify S G with its image by this embedding. Restriction of characters defines a map χ(G) → χ(S P ). Let S G P be the connected component of the intersection of the kernels of characters in the image. This gives a canonical complement to S G in S P . On the level of real groups A P = A G × A G P and Lie(A G ) and Lie(A G P ) are orthogonal for the invariant inner product on Lie(A P ). Fix once and for all a minimal rational parabolic subgroup P 0 ⊂ G. The relative root system Q Φ(S P 0 , g) admits a linear order such that the positive roots are those in N = Lie(U U U P 0 ). Let ∆ = ∆ P 0 denote the set of simple roots. The rational parabolic subgroups containing P 0 are called standard. They are in one to one correspondence with subsets J ⊂ ∆ of the simple roots and they form a set of unique representatives of the G(Q)-conjugacy classes of rational parabolic subgroups of G. The greatest Q-split torus in the center of the Levi of the standard parabolic subgroup P(J) (corresponding to the subset J ⊂ ∆) is S P(J) = α∈J ker(α)
The (restrictions of the) roots α ∈ ∆ − J form a basis for the character module χ(S G P(J) ) ⊗ Q. We denote by ∆ P(J) the collection of restrictions {α|S P(J) } α∈∆−J and we call this the set of simple roots of P(J) occurring in N J = Lie(U U U P(J) ). These notions may be extended to arbitrary rational parabolic subgroups P ⊂ G by conjugation.
(2.3) Two parabolic subgroups. If P ⊂ Q are rationally defined proper parabolic subgroups of G, then U U U Q ⊂ U U U P and R d Q ⊂ R d P. This gives an embedding
and an embedding S G Q → S G P . Let ∆ P denote the set of simple roots of S P occurring in N P . The rational parabolic subgroups of G which contain P are in one to one correspondence with subsets of ∆ P . The parabolic subgroup Q corresponds to a subset J ⊂ ∆ P with
Let R be the parabolic subgroup containing P which corresponds to the complemenet ∆ P − J. Then 
Since the split part of the centre of the reductive group L Q is S Q , as in §2.2 we obtain a torus S (2.4) Boundary strata. LetX denote the borel-Serre compactification of X [BS] and letX denote the reductive Borel-Serre compactification of X [Z3] [GHM] §8. These spaces are Whitney stratified by their boundary strata Y P ⊂X and X P ⊂X which are in one to one correspondence with Γ-conjugacy classes of proper rational parabolic subgroups of G. A choice of representative P in this Γ-conjugacy class determines an identification
and an identification
The identity map X → X has a unique continuous extension to a mapping π :X → X. Then π is surjective, takes strata to strata, and it restriction to each boundary stratum Y P is the smooth proper fiber bundle π P : Y P → X P which is given by collapsing the "orbits" of
There are several ways to identify the stratum X P as a locally symmetric space associated to a reductive group. Since G is connected, P and L P are also connected, however M P = 0 L P may fail to be connected. The real points of its identity
. In summary, the chain of morphisms of reductive Q-groups,
induces diffeomorphisms of the boundary stratum X P = Γ P \P/U P K P A P (x 0 ) with
(2.5) Remark. From a purely differential geometric point of view, these realizations of X P are interchangeable. However there are differences. For example, a representation λ :
on the stratum X P . Since the representation theory for the groupsL P , L P , and M P are slightly different, the class of vectorbundles E → X P obtained in this way depends on which particular realization of X P is used. Representations λ of L P arise naturally and the resulting vectorbundle E → X P carries an action of the central torus S P ⊂ L P . Such a representation λ restricts to a representation of M P or of M 0 P and gives rise to the same vectorbundle E however the action of S P is not immediately visible from this point of view. Some representations λ of L P do not even pass to representations ofL P . From the inductive point of view it is most natural to consider the realization X P ∼ = Γ M \L P /K M A P and local systems of the form (2.5.1).
(2.6) Weighted cohomology. Fix a minimal rational parabolic subgroup P 0 ⊂ G. The parabolic subgroups containing P 0 are called standard. Let Q 1 , Q 2 , . . . , Q r denote the collection of standard proper maximal rational parabolic subgroups of G. A weight profile p is an element of χ(S P 0 ) ⊗ Z Q. (This is a slightly more general definition than in [GHM] .) For any standard rational parabolic subgroup P ⊂ G, the weight profile determines a "high" subsets of weights,
) is a one-dimensional Z-module with canonical generator so we may compare two elements). Note that χ(S P ) p + may also be described as the set of weights α such that (α|S
(Recall that the closed positive cone in χ(S G P ) ⊗ R is the cone of linear combinations of elements of ∆ P with nonnegative coefficients.) We will write this last condition as simply (α|S
). It will also be useful to use the notation
In particular, if two profiles differ only on S G then the sets of "high" weights they define are the same. The sets χ(S P ) p + and χ(S G P ) + p may be defined for any rational parabolic subgroup P by conjugating P into a standard rational parabolic subgroup.
Let ψ : G → GL(E) be an irreducible representation of the algebraic group G on some finite-dimensional complex vectorspace E and let E = E × Γ D be the resulting local system on X. Since E is irreducible, the torus S G acts by a character λ E ∈ χ(S G ). Let p be a weight profile such that p|S G = λ E . The same construction as in [GHM] II may be used to define a weighted cohomology complex of sheaves GHM] ). This is a (cohomologically) constructible complex of sheaves onX which is (roughly speaking) obtained by truncating the sheaf of smooth differential forms i * Ω
• (X, E) along the boundary strata X P so as to keep only the forms with "weights" in χ(S P ) p + . (Here, i : X →X denotes the inclusion of X into its reductive Borel-Serre compactification.) Let N P = Lie(U P ) be the Lie algebra of the unipotent radical of P . The Lie algebra cohomology
is a module over L P and hence also over
+ denote the subgroup of the Lie algebra cohomology with
Note that S G acts on H * (N P , E) only via the coefficients E, hence if β appears in the sum (2.6.3) then
(2.7) Remarks. Of particular interest are the middle profiles of [GHM] . With the conventions above, the lower middle profile is
(here ρ is the half-sum of positive roots: see 4.7). To define the upper middle profile let η ∈ χ(S G P 0 ) ⊗ Q be positive and very small. For example one could take
Then the upper middle profile is
and the resulting upper middle weighted cohomology sheaf is independent of the choice of η. Alternatively, one could define the upper middle subset of weights by
In terms of the notion of profile of (2.6) the dual profile of p is the profilep = (−2ρ|S P 0 )−p+η. Note thatμ = ν. The dual profilep and the dual representation E * determine a weighted cohomology complex WpC ,21) . The modification η is exactly the ±log modification that occurs in the weighted L 2 theory (see [N] or 2.9 below).
(2.8) Generalization. Let us drop the assumption that E is irreducible, requiring instead that in the S G -isotypical decomposition
each weight λ ∈ χ(S G ) appears at most once and each summand E λ is irreducible. Suppose we are given, for each λ in the sum (2.8.1), a weight profile p λ such that p λ |S G = λ. Then define the weighted cohomology complex of sheaves for E and {p λ } to be
It follows from Kostant's theorem that if E has the above property then so does the L Q -module H * (N Q , E). Moreover, sums like (2.8.2) (with shifts) appear in the restriction to the boundary (theorem 4.6). Hence the natural generality in which to consider weighted cohomology is that of local systems with the above property.
Since it is enough to compute the restriction of one summand of (2.8.2), for the rest of the paper we shall assume that E is irreducible.
(2.9) Weighted L 2 cohomology. The theory of weighted cohomology is equivalent ( [N] ) to a more analytically defined cohomology theory, the weighted L 2 theory introduced by Franke. Using the results of [N] will allow us to translate the formula for the local cohomology (6.3) into Lie algebra cohomology.
An element λ ∈ χ(S
For any element D in the universal enveloping algebra of g = Lie(G) there is a left-invariant differential operator R D on smooth functions on Γ\G. (For D ∈ g this is simply the derivative of the right regular representation). Let ξ ∈ χ(S G ). Let S λ,ξ (Γ) be the space of smooth C-valued functions f on Γ\G satisfying (1)
This space is a (g, K)-module ( [V] ) and when λ = 0 it is the familiar space of smooth uniformly L 2 functions. Its (g, K)-cohomology is often infinitedimensional. Let ∈ χ(S G P 0 )⊗Q be any dominant weight. Let S λ+log,ξ 
be the module of smooth functions for which
for every positive integer m and for every D. This is also a (g, K)-module and always has finite-dimensional cohomology. The main result of [N] , extended to reductive groups, gives an isomorphism
where λ = (−ρ − p)|S
Here ρ is the half-sum of positive roots (see (4.7)). In fact, there is a cohomologically constructible complex of sheaves onX with (hyper)cohomology equal to the right-hand side of (2.9.2) and (2.9.2) is induced by an (explicit and natural) quasi-isomorphism of this object with
(2.10). The singularities ofX are easy to understand, so the weighted cohomology complex onX is relatively simple. If X is Hermitian then the identity mapping X → X has a unique continuous extension Φ :X →X [Z3] . The pushforward Φ * (W µ C • (X, E)) of the "middle" weighted cohomology is canonically isomorphic to the middle intersection complex, IC • (X, E) which, by the Zucker conjecture ([L] [SS] ) is canonically isomorphic to the sheaf of L 2 differential forms with coefficients in E. Thus, the weighted cohomology complex onX may be thought of as a sort of (non algebraic) partial resolution of singularities of the spaceX together with its sheaf of L 2 differential forms. In fact, the relation with L 2 cohomology occurs already onX (2.9 above and [N] ). §3. Subtori of an algebraic torus 
induces an isomorphism of vectorspaces,
which in turn gives rise to projections
for j = 0, 1. Then we have a split short exact sequence of rational vectorspaces,
where h j a j = I Y Q (S j ) (for j = 0, 1), h 0 a 1 = 0, h 1 a 0 = 0, and
(3.2) Two complementary tori. In this section we fix Q-split tori S 0 ⊂ S. Suppose that S 1 ⊂ S andS 1 ⊂ S are both rational complements to S 0 in S. We have a split short exact sequence, similar to (3.1.1),
which, together with (3.1.1) gives a diagram,
(3.4) Lemma. Suppose α ∈ χ (S) and that α|Y Q (S 0 ) = β. Then
(3.6) Remark. If S 1 =S 1 are the same torus then t =t and c(β) = 0. If the torusS 1 is thought of as a perturbation of the torus S 1 , then the quasi-charactert may be thought of as a "leading term" and c(β) as a "correction". §4. Computations Along Boundary Strata (4.1) The boundary stratum. In this section we restrict the weighted cohomology sheaf to the closure of a boundary stratum in the reductive Borel-Serre compactification, and state that this restriction breaks into a direct sum of weighted cohomology sheaves (4.6) of the boundary stratum. Throughout this section we fix a weight profile p. Fix a boundary stratum X Q with closureX Q . We consider this closure to be the reductive Borel-Serre compactification of the locally symmetric
However this local system is reducible. The summands in theorem (4.6) are weighted cohomology sheaves with coefficients in the S Q -isotypical components of this local system. This is precisely the situation of §2.8.
The weight profile p for G corresponds in a natural way to a weight profilep for L Q . However, if P ⊂ Q is another rational parabolic subgroup, then the truncation on χ(S P ) determined by p and byp are usually different. This is a consequence of the different "angles" between the various relevant subtori of S P . The difference between these two weight cutoffs is given by proposition (4.3) below, which is needed in order to describe the restriction W p C
• |X Q as a (sum of) weighted cohomology complexes onX Q .
(4.2) Two complementary subtori. By conjugation, let us assume that the rational parabolic subgroup Q is standard. Let R be the unique standard parabolic subgroup such that R ∩ Q = P 0 . The parabolic subgroupP 0 = ν Q (P 0 ) is minimal in L Q and the boundary profiles will be given by elements of χ(SP 0 ) ⊗ Q. The assignment t →t of §3 applied to the situation
(where a 0 and a 1 are the embeddings as in (2.3.1) and andã 1 : S
) ⊗ Q. These may both be considered as elements of χ(S P 0 ) ⊗ Q, i.e. they are profiles.
Let us check that this gives the correct truncation for parabolic subgroups of Q. Thus, if P ⊂ Q is another rational parabolic subgroup, then the subset of "high" weights for the parabolic subgroupP = ν Q (P) ⊂ L Q is given by (cf. (2.6.1))
That this is the correct truncation follows from (4.3) Proposition. Suppose P ⊂ Q are rational parabolic subgroups of G. Let
(4.4) Proof. The proof follows by applying lemma 3.4 to each of the maximal parabolic subgroups of L Q .
(4.5). Let E be an algebraic, complex representation of G and let E denote the corresponding local system on X. The Lie algebra cohomology groups H i (N Q , E) are representation spaces for the Levi quotient L Q , hence also for S Q and Γ M . If β ∈ χ(S Q ) we denote by H i (N Q , E) β the subspace of vectors with S Q -weight equal to β. This representation determines a local coefficient system (flat vectorbundle),
on the stratum X Q . Sincep−c(β)+β ∈ χ(S P 0 )⊗Q restricts to β on S Q , a weighted cohomology complex
is defined as in §2.4. The following theorem is the first main result of this paper.
(4.6) Theorem. The restriction W p C • (X, E)|X Q of the weighted cohomology complex to the closure of the boundary component X Q is quasi-isomorphic to the direct sum of weighted cohomology sheaves,
See equation (4.7.1) for a reformulation and (4.9) for a remark on rational structure. The proof of theorem (4.6) will appear in §5. 
Let Φ + denote the resulting system of positive roots for G and let
is the length of w and the set
consists of the unique element of minimal length from each of the cosets 
where ρ = 1 2 α∈Φ + α is one half the sum of the positive roots of G. Now suppose that E is an irreducible representation of G, with highest weight Λ. Then the expression (4.6.1) may be rewritten using Kostant's theorem as,
The notation [ (w)] denotes a shift in degree,
(see [GHM] §11.5 and §17.5).
(4.8) Corollary. Suppose E is an irreducible representation of G with highest weight Λ. Then the hypercohomology of the restriction of the weighted cohomology sheaf to the closureX Q of the boundary stratum X Q is given by
(4.9) Rational structures. Suppose that E is a rational vector space with an algebraic representation of G. Then the objects on either side of (4.6.1) (and also (4.8.1)) have rational structures ([GHM] IV). One would know that the isomorphisms (4.6.1) and (4.8.1) respect these rational structures if the calculation of W p C • (X, E)|X Q to come ( §5) were carried out using the rational version of weighted cohomology. While it seems clear that this could be done it is much simpler to work over C. §5. Proof of theorem 4.6 (5.1) Special differential forms. Recall ([GHM] §13) that a differential i-form ω on X = Γ\D with values in E is called special if for each stratum Y P of the Borel-Serre compactificationX, there exists a neighborhood of Y P inX (which depends on the differential form ω), such that in this neighborhood, the following two conditions hold:
1. the differential form ω is the pull-up of a differential form ω P ∈ Ω
• (Y P , E) from the boundary stratum, via the geodesic retraction, and 2. the form ω P is U P -invariant, i.e. ω P ∈ Ω i inv (Y P , E). We denote by Ω Ω Ω
• sp the complex of pre-sheaves of special differential forms on X, whose sections over an open set U ⊂ X are
Let Sh denote the sheafification functor, let j : X →X be the inclusion of X into its Borel-Serre compactification, and let π :X →X denote the projection from the Borel-Serre compactification to the redutive Borel-Serre compactification. Theñ
is the complex of sheaves of special differential forms onX, and
is the complex of sheaves of special differential forms onX.
For any boundary stratum Y Q ⊂X the restriction π|Y Q : Y Q → X Q is a smooth fiber bundle with nilmanifold fiber π 
where the differential is given by the differential of the double complex.
(5.3) Remark. In [GHM] §12.6, it is shown that the integrable connection on the vectorbundle C q (N Q , E) ) determines an isomorphism
over the interior of the stratum X Q . The content of lemma 5.2 is that this decomposition extends over the closure of the stratum X Q .
(5.4) Proof of lemma 5.2. Restricting (5.1.2) to the boundary stratum X Q , we haveΩ 
The map α is a fibration with fiber N Q and the integrable connection on α|Y Q = π|Y Q : Y Q → X Q extends to an integrable connection on the closure,Ỹ Q →X Q . It may be verified that for any boundary stratum Y P ⊂Ỹ Q , the geodesic retraction to Y P preserves the flat connection on Y Q . It follows that the isomorphism [GHM] §(12.6),
extends uniquely to an isomorphism
Now apply β * to obtain an isomorphism,
by [GHM] 
between the flat vectorbundle C • (N Q , E) and the local system which corresponds to the adjoint representation of
according to the weights of S Q . The weight subbundle ( [GHM] §12.9) is defined to be
(5.7) Lemma. For any boundary stratum X P ⊆ X Q the restriction
coincides with the subsheaf
since the weight conditions at the edge of X Q do not affect the sections of this sheaf over the interior of X Q . But this is precisely the weight subcomplex T
• Q+ . Now suppose that P ⊂ Q is a proper parabolic subgroup. As in §2.3, set P = ν Q (P).
According to the definition of the weighted cohomology complex which occurs in (5.6.1), the choice of basepoint determines an identification 
The basepoint also determines a splitting i : UP → U P of the sequence
and hence a decomposition N P ∼ = NP ⊕ N Q . Therefore, we obtain an isomorphism
where "+" indicates the direct sum of those S P -isotypical components with weights
Let us interpret the double complex (5.8.6) as a module over the Levi quotient LP ofP, and decompose it into SP−isotypical components. Since χ(SP)p
(see the remarks following (2.6.2)), proposition 4.3 implies that
which agrees with (5.8.3). It is easy to see that the isomorphisms and splittings are compatible, so that the representations (5.8.3) and (5.8.4) are actually the same subspace of C r (N P , E) . In fact, as in [GHM] §10.4, these splittings do not depend on the choice of basepoint. 
However, by [GHM] §12.15 the complex of local systems C • (N Q , E) β is quasiisomorphic to its cohomology sheaves, H * (N Q , E) β (where we use the * rather than the
• to indicate that this is to be considered a complex of sheaves with trivial differentials). This determines a quasi-isomorphism between the complex of sheaves Θ
• and the complex
as desired. §6. Local intersection cohomology (6.1) Baily-Borel compactification. In this section we suppose (until 6.12) 
where µ : L Q → Q h is the projection. Then the boundary stratum F is diffeomorphic to Γ h \Q h /K h . For any x ∈ F , a choice of q ∈ Q h which projects to x determines a stratum preserving homeomorphism ( [GHM] §22.6),
(which is smooth on each stratum) between the fiber Φ −1 (x) and the reductive Borel-Serre compactification of the locally symmetric space
The restriction (Φ|X Q ) : X Q → F agrees with the projection determined by µ.
(6.4) Proof. Since Φ :X →X is proper, the stalk cohomology at a point x ∈X is canonically isomorphic to the cohomology of the fiber,
If F denotes the stratum ofX which contains x and if Q denotes a corresponding maximal rational parabolic subgroup of G, then Φ −1 (F ) is a union of strata in X Q and the restriction Φ : Φ −1 (F ) → F is a fiber bundle. Using the Poincaré lemma, it is not hard to show that the restriction of any weighted cohomology sheaf W q C • (X Q ; E ) to a fiber Φ −1 (x) is quasi-isomorphic to the weighted cohomology
where q denotes the restriction of the weight profile q to the linear factor.) Thus,
by (4.7.1), as desired. The last statement of the (6.3) follows easily as the Q h and Q commute so the representation on both sides of (6.3.2) is via the coefficients. The results of [N] recalled in §2.9 allow the formula to be rewritten in terms of Lie algebra cohomology.
(6.5) Corollary. The stalk cohomology at x ∈ F is given by
(6.6) Corollary. Let p = µ or p = ν denote the upper middle or lower middle weight profile, respectively ( §2.7). Then the stalk cohomology of the intersection cohomology, at a point x ∈ F ⊂X is given by (6.3). In other words,
(which may also be evaluated as in (6.3.2) using Kostant's theorem or written as Lie algebra cohomology as in (6.5.1)).
(6.7) Proof. The proof follows directly from theorem (6.3) and theorem 23.2 of [GHM] which constructs a canonical isomorphism
between the pushforward of the middle weighted cohomology onX with the intersection cohomology ofX. Taking p = −∞ gives the following well known result [LR] , theétale version of which is proven in [P1] , [P2] : (6.8) Corollary. Letî : X →X be the inclusion of the locally symmetric space into the Baily-Borel compactification. Then the stalk cohomology of the sheaf Rî * (E) is given by
Here, V α is the irreducible L Q -module with highest weight α and it is considered as a module over Γ by way of the inclusion
(6.9) Proof. In (6.3), take p = −∞ to be the weight profile which involves no truncation. Then
is equal to the ordinary cohomology of Γ \Q /A Q K , which in turn coincides with the group cohomology
(6.10) Remarks. The vanishing of the stalk cohomology of the intersection cohomology, and more generally, the purity theorem of Looijenga (i.e. that the stalk cohomology in degree i of the intersection cohomology has weight ≤ i) may be translated into vanishing theorems for certain weighted cohomology groups of the fibers Φ −1 (x) using theorem 6.3. We do not know to what extent the weighted cohomology of a linear locally symmetric space vanishes in general. See [B2] for a related vanishing theorem for the L 2 cohomology of linear locally symmetric spaces.
(6.11) Mixed Hodge weights. By [LR] , the direct sum (6.6.1) over β ∈ χ(S Q ) is a rationally defined splitting of the weight filtration (on the stalk cohomology) which comes from Saito's theory of mixed Hodge modules.
. By (6.7.1) this is equal to the Euler characteristic of the weighted cohomology complex of the reductive Borel-Serre compactification,
In fact this relation holds more generally and one need not appeal to [L] , [SS] . Indeed, suppose only that the derived group of G possesses a compact Cartan subgroup. Then W µ H * (X, E) is isomorphic to the L 2 cohomology of Γ by [N] , and therefore (6.12.1) holds.
As in [GM] , (6.12.1) is equal to a sum over strata ofX, with the contribution from a single stratum X P being given by the Euler characteristic of the stratum X P times the stalk Euler characteristic of the weighted cohomology at any point x ∈ X P . Let P 1 , P 2 , . . . , P l be a collection of representatives, one from each Γ−conjugacy class of proper rational parabolic subgroups of G. For each representative P j , let Γ L j = ν(Γ ∩ P j ) be the projection of Γ ∩ P j to the Levi quotient. Since Γ is neat, the Euler characteristic χ(
be the irreducible L j -module with highest weight α. Let us suppose that E is the local system associated to an irreducible representation of G with highest weight Λ. Evaluating (2.6.3) using Kostant's theorem gives the following formula (which is in [GHM] §17.9, [S] for Hermitian X): (6.13) Theorem. Suppose the derived group of G has a compact Cartan subgroup. The Euler characteristic of the L 2 cohomology of the locally symmetric space X = Γ\G/A G K is given by
Computations for Sp 4 (7.1) The symmetric space. Throughout this section we fix a prime p ≥ 3 and we take Γ = Γ(p) to be the principal congruence subgroup of Sp 4 (Z) consisting of matrices which are congruent to the identity modulo p. Define X = Γ\Sp 4 (R)/U (2) to be the associated (real) 6-dimensional Hermitian locally symmetric space. The Baily-Borel compactificationX has boundary strata of real dimension 2 and of real dimension 0. In this section we will compute the intersection Euler characteristic ofX and also the local L 2 (or intersection) cohomology (with constant coefficients) at a most singular point (i.e. at a 0-dimensional stratum) ofX. We denote by Φ :X →X the projection from the reductive Borel-Serre compactification to the Baily-Borel compactification.
(7.2) Parabolic subgroups. There are three types of rational proper parabolic subgroups P of G.
(A) P is the stabilizer of a rational 1-dimensional (and hence isotropic) subspace
Such a parabolic subgroup is maximal with Hermitian Levi factor L = P h . The associated reductive Borel-Serre stratum X P is (real) 2-dimensional, in fact it is a modular curve. (B) P is the stabilizer of a rational Lagrangian subspace F 2 ⊂ Q 4 . Such a parabolic subgroup is maximal with linear Levi factor L = P . The associated reductive Borel-Serre stratum X P is (real) 2-dimensional and is diffeomorphic to a modular curve. (C) P is a rational Borel subgroup: it is the stabilizer of a rational isotropic flag F 1 ⊂ F 2 ⊂ Q 4 . The associated reductive Borel-Serre stratum X P is a point. Such a point is simultaneously a cusp for a single type A stratum and a single type B stratum in the reductive Borel-Serre compactification.
The projection Φ takes each type A stratum X P ⊂X isomorphically to a two dimensional stratum Y P ⊂X. The projection Φ collapses each type B stratum X P to a single point inX. The preimage Φ −1 (x) of such a point is the reductive BorelSerre compactification of the type B stratum X P , and it is obtained by adding type C strata as cusps of X P .
(7.3). Consider the case of the trivial local system E = C. By Corollary 6.5, the L 2 cohomology, or the intersection cohomology ofX is isomorphic to either of the middle weighted cohomology groups ofX. In fact, the upper and lower middle weight profiles µ, ν give rise to the same weighted cohomology sheaf onX since in this case, the middle weight does not appear in the N P cohomology for any parabolic subgroup P . be the factor which appears in equation (6.13) and which arises from a parabolic(7.7) Stalk cohomology. Now consider the stalk cohomology of the intersection cohomology at a 0-dimensional boundary stratum inX. By Corollary 6.6, this is a sum of two weighted cohomology groups of a boundary stratum of type B, A calculation with the root system for Sp 4 shows that the weight profile for the first factor (with coefficients in the trivial local system H 0 (N P )) involves no cutoff at all, while the weight profile for the second factor cuts off all the stalk cohomology in degree 1 at each cusp point, so
The cohomology groups of the first term were computed in (7.5.3). We will use two tricks to evaluate the second factor. First, the local system H 1 (N P ) has weight χ −2 , where χ is the canonical positive generator of the character group of A P . In fact, it is the irreducible 3-dimensional representation of SL 2 . By Looijenga's purity theorem, weight 2 classes cannot occur in the stalk of the intersection cohomology except in degree 2 or more. Therefore IH 0 (Γ(p)\H; H 1 (N P )) = 0. Also, IH 2 (Γ(p)\H; H 1 (N P )) = 0 since IH 3 x = 0 by the usual vanishing property for intersection cohomology. Therefore the second factor in (7.7.2) is completely determined by the Euler characteristic of this (compactified) modular curve, which we now calculate: the stalk of the intersection cohomology at each cusp point has cohomology C in degree 0, and 0 in all other degrees. So each cusp contributes 1 to the Euler characteristic while the interior contributes dim (H 1 (N 
